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Abstract
We show that a tame quasi-tilted algebra A (over an algebraically closed 6eld) is simply
connected if and only if its 6rst Hochschild cohomology group (with coe8cients in the bio-
module AAA) vanishes. We also classify these algebras, and give characterisations of those tame
quasi-tilted algebras which are strongly simply connected. c© 2001 Elsevier Science B.V. All
rights reserved.
MSC: 16G20
0. Introduction
Let k be an algebraically closed 6eld. By algebra is meant a 6nite dimensional as-
sociative k-algebra with an identity. We are interested in studying the representation
theory of A, that is, the category mod A of 6nitely generated right A-modules. For this
purpose, we may assume that A is basic and connected. An algebra A is called triangular
if its ordinary quiver QA has no oriented cycles. It is well-known that, if kQA denotes
the path algebra of QA, then there exists a surjective algebra morphism  : kQA → A,
whose kernel is denoted by I (see, for instance, [17]). For each pair (QA; I), one can
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de6ne a fundamental group 1(QA; I) (see [33] or 3:1 below) and A is called simply
connected if it is triangular and, for each pair (QA; I), we have 1(QA; I)=1 (see [9]).
Simply connected algebras have played an important roˆle in representation theory. A
triangular algebra is simply connected if and only if it has no proper Galois covering.
For any representation-6nite algebra B, the indecomposable B-modules can be lifted to
indecomposable modules over a simply connected algebra A (contained inside a cer-
tain Galois covering of the standard form of B, see [17,18]). Thus, covering techniques
reduce many problems of the study of representation-6nite algebras to the study of sim-
ply connected algebras, hence the importance of the latter. Representation-6nite simply
connected algebras are considered by now to be well-understood (see, for instance,
[16,17]). While little is known about covering techniques in the representation-in6nite
case, many classes of representation-in6nite simply connected algebras have been de-
scribed (see, for instance, [5,9,37]). In particular, it was shown in [26,37,7] that there is
a close connection between the simple connectedness of an algebra A, and the vanish-
ing of the 6rst Hochschild cohomology group H1(A) (of the algebra A with coe8cients
in the bimodule AAA).
The class of quasi-tilted algebras, introduced by Happel et al. [30] is the generali-
sation of two well-known classes, namely, the class of tilted algebras of Happel and
Ringel [31], and the class of canonical algebras of Ringel [36]. Since their introduction,
quasi-tilted algebras have been the subject of many investigations (see, for instance,
[21,22,28–30,38]). In particular, it is shown in [38] that a tame quasi-tilted algebra is
either tilted, or a semiregular enlargement of a tame concealed algebra (see 1:3 below
for the de6nition). We conjecture that a quasi-tilted algebra A is simply connected if
and only if H1(A) = 0. This generalises the conjecture saying that a tilted algebra is
simply connected if and only if its type is a tree (see [5]). This conjecture is known
to hold true in case A is a tame tilted algebra [5], and the 6rst purpose of the present
paper is to show that it holds true in case A is a tame quasi-tilted algebra. This also
answers positively (for quasi-tilted algebras) Skowro,nski’s question in [37, Problem
1], whether it is true that a tame triangular algebra A is simply connected if and only
if H1(A) = 0. Namely, we prove the following theorem.
Theorem (A). Let A be a tame quasi-tilted algebra. The following conditions are
equivalent:
(a) A is simply connected.
(b) H1(A) = 0.
(c) If A is tilted; then its type is a tree. If A is a semiregular enlargement of a tame
concealed algebra; then A is not iterated tilted of type A˜.
One class of simply connected algebras has attracted much interest lately, this is
the class of strongly simply connected algebras of [37]. The representation theory
of strongly simply connected algebras seems to be relatively accessible, and some
progress has been made towards understanding it in the tame case. Characterisations
and construction techniques have been obtained in [37,3], and classes of strongly sim-
ply connected algebras have been completely described (see, for instance, [1,2,4]). In
particular, it was asked in [37, Problem 2], whether it is true that an algebra is strongly
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simply connected if and only if it is simply connected and strongly A˜-free, that is,
contains no full convex subcategory which is hereditary of type A˜. The answer is
known to be positive if the algebra is iterated tilted of euclidean type [2], derived
tubular [1] or tame tilted [5]. Also, it was shown in these papers that there is a close
connection between the strong simple connectedness of an algebra, the shapes of the
orbit graphs of the directed components of its Auslander–Reiten quiver on one hand,
and the separation condition of [16] on the other hand. The second objective of this
paper is to answer positively the aforementioned question for tame quasi-tilted alge-
bras, and to relate the strong simple connectedness of a (non-tilted) tame quasi-tilted
algebra A to that of two particular full convex subcategories A+ and A− (see 1:3 for
the de6nitions).
Theorem (B). Let A be a tame quasi-tilted algebra which is not tilted. The following
conditions are equivalent:
(a) A is strongly simply connected.
(b) A+ and A− are strongly simply connected.
(c) A is strongly A˜-free.
(d) A+ and A− are strongly A˜-free.
(e) The orbit graph of each directed component of the Auslander–Reiten quiver of
each of A+ and A− is a tree.
(f) A+; (A+)op; A− and (A−)op satisfy the separation condition.
Note that the strong simple connectedness of a tame tilted algebra has been charac-
terised in [4,5], this justi6es the assumption of the theorem.
As an application, we study the simple and strong simple connectedness of a natural
generalisation of tame quasi-tilted algebras, namely the semiregular iterated tubular al-
gebras, which form a subclass of the iterated tubular algebras of [34] and, in particular,
are tame. We obtain results corresponding to the above two theorems.
The paper is organised as follows. After a preliminary Section 1, Section 2 is devoted
to lemmata showing how to compute the 6rst Hochschild group in our case. Section
3 is devoted to the proof of Theorem (A) and Section 4 to the proof of Theorem (B).
Finally, the application to semiregular iterated tubular algebras is in Section 5.
1. Preliminaries
1.1. Notation. Throughout this paper; k denotes an algebraically closed 6eld. By al-
gebra is meant an associative; 6nite dimensional k-algebra with an identity; which we
assume to be basic and; unless otherwise speci6ed; connected.
We recall that a quiver Q is de6ned by its set of points Q0 and its set of arrows
Q1. A relation from a point x to a point y is a linear combination  =
∑m
i=1 iwi
where, for each i such that 16 i6m, i is a non-zero scalar and wi is a path of
length at least two from x to y. Assume that Q has no oriented cycles, then a set of
relations generates an ideal I , called admissible, in the path algebra kQ. The pair (Q; I)
is called a bound quiver. An algebra A is called triangular if its ordinary quiver QA
has no oriented cycles. In this paper, we deal exclusively with triangular algebras. It
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is well-known that, for an algebra A, there exists a surjective morphism  : kQA → A
of k-algebras (induced by the choice of a set of representatives of basis vectors in the
k-vector space rad A=rad2 A) whose kernel I is admissible. Thus A ∼= kQA=I. The bound
quiver (QA; I) is called a presentation of A. An algebra A = kQ=I can equivalently
be considered as a locally bounded k-category, whose object class, denoted by A0, is
the set Q0, and where the set of morphisms A(x; y) from x to y is the k-vector space
kQ(x; y) of all linear combinations of paths in Q from x to y modulo the subspace
I(x; y)= I ∩ kQ(x; y), see [17]. A full subcategory B of A is called convex if any path
in A with source and target in B lies entirely in B.
By A-module is meant a 6nitely generated right A-module. We denote by mod A
their category. For x∈A0, we denote by S(x) the corresponding simple A-module, and
by P(x) (or I(x)) the projective cover (or injective envelope, respectively) of S(x). We
denote by D = Homk(−; k) the standard duality between mod A and mod Aop, and by
= DTr and −1 = Tr D the Auslander–Reiten translations in mod A. The Auslander–
Reiten quiver of A is denoted by  (mod A) (for details, see [13,36]). A component
 of  (mod A) is called directed if, for any indecomposable module M in , there
exists no sequence M=M0
f1→M1 f2→· · · ft→Mt=M of non-zero non-isomorphisms between
indecomposable A-modules. Given a component  of  (mod A), its orbit graph O()
has as points the -orbits M of the modules M in , there exists an edge M−N if
there exist m; n∈Z and an irreducible morphism mM → nN or nN → mM , and the
number of such edges equals dimk Irr(mM; nN ) or dimk Irr(nN; mM), respectively
(here, Irr(X; Y ) denotes the space of irreducible morphisms from X to Y ).
1.2. Let A be an algebra. A module TA is called a tilting module [31] if pd TA6 1;
Ext1A(T; T ) = 0 and the number of isomorphism classes of indecomposable summands
of T equals the rank of the Grothendieck group K0(A).
Two algebras A and B are called tilting–cotilting equivalent if there exist a sequence
of algebras A= A0; A1; : : : ; Am = B and a sequence of tilting or cotilting modules T
(0)
A0 ,
T (1)A1 ; : : : ; T
(m−1)
Am−1 such that Ai+1=End T
(i)
Ai , for each i. Let Q be a 6nite connected quiver
without oriented cycles. An algebra A is called iterated tilted of type Q if A is tilting–
cotilting equivalent to kQ, and it is called tilted of type Q if it is the endomorphism
algebra of a tilting kQ-module. We need the following fact proved in [11, 5.2]: let A
be an iterated tilted algebra of euclidean type (that is, of type Q such that the under-
lying graph of Q is an euclidean diagram), then any full convex subcategory of A is
iterated tilted of Dynkin or of euclidean type. Also, it is well-known that an algebra
A is iterated tilted of type Q if and only if there exists an equivalence of triangu-
lated categories Db (mod A) ∼= Db (mod kQ) between the derived categories of bounded
complexes over mod A, and mod kQ, respectively (see [27]).
An algebra A is called quasi-tilted if gl: dim: A6 2 and, for each indecomposable
module MA, we have pdM6 1 or idM6 1 (see [30]). Tilted algebras furnish an
example of quasi-tilted algebras, and a representation-6nite algebra is tilted if and only
if it is quasi-tilted [30, 3.6]. Another example is provided by the canonical algebras
[36]. Let t¿ 2, n = (n1; : : : ; nt) be a t-tuple of positive integers, and  = (1; : : : ; t)
be a t-tuple of pairwise distinct elements in P1(k). The canonical algebra C(t; ; n) of
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type n is given by the quiver
bound by the t− 2 relations  11 12 · · ·  1n1 +  21 22 · · ·  2n2 + i( i1 i2 · · ·  ini) = 0, with
36 i6 t. If n=(2; 2; 2; 2), (2; 3; 6), (2; 4; 4) or (3; 3; 3), then C(t; ; n) is called tubular
canonical. An algebra A is called derived canonical (or derived tubular) if there exist a
canonical algebra (or a tubular canonical algebra, respectively) C and an equivalence of
triangulated categories Db (mod A) ∼= Db (modC). If t = 2, then the canonical algebras
are hereditary of type A˜ and, thus, the derived canonical algebras coincide with the
iterated tilted algebras of type A˜.
1.3. An algebra C is called tame concealed if there exist a hereditary algebra A and
a postprojective tilting A-module T such that C=End TA. Then;  (modC) consists of
a postprojective (also called preprojective) component PC; a preinjective component
QC; and a family TC = (T)∈P1(k) of stable tubes separating PC from QC (see [36;
4.3]).
We now de6ne semiregular enlargements of a tame concealed algebra [38], see also
[6]. A branch K with root a is a 6nite connected full bound subquiver, containing a,
of the following in6nite tree, bound by all possible relations of the form  " = 0:
Let C be a tame concealed algebra, (Ei)mi=1 and (Fj)
n
j=1 be two families of simple
regular C-modules, and (Ki)mi=1 and (Lj)
n
j=1 be two families of branches. For each i,
we let ai be the root of Ki. The tubular extension A+ = C[Ei; Ki]mi=1 has as objects
those of C; K1; : : : ; Km and as morphism spaces
A+(x; y) =

C(x; y) if x; y∈C0;
Ki(x; y) if x; y∈ (Ki)0;
Ki(x; ai)⊗k Ei(y) if x∈ (Ki)0; y∈C0;
0 otherwise:
The tubular coextension A− = nj=1[Lj; Fj]C is de6ned dually. Finally, if the families
(Ei)mi=1 and (Fj)
n
j=1 are compatible, that is, for any pair (i; j), the modules Ei and
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Fj do not lie in the same tube of  (modC), then the semiregular enlargement A =
n
j=1[Lj; Fj]C[Ei; Ki]
m
i=1 is de6ned to have as objects those of A
+; A− and as morphism
spaces
A(x; y) =

A+(x; y) if x; y∈ (A+)0;
A−(x; y) if x; y∈ (A−)0;
0 otherwise:
Thus, a tubular extension, or coextension, of C is trivially a semiregular enlargement
of C.
For each ∈P1(k), let r denote the rank of the stable tube T in  (modC). The
tubular type nA = (n)∈P1(k) is de6ned by
n = r +
∑
Ei∈T
|(Ki)0|+
∑
Fj∈T
|(Lj)0|
(note that, for a given , at least one of the above two sums vanishes). Since all but at
most 6nitely many n equal 1, we write, instead of (n), the 6nite sequence containing
at least two n, including all those larger than 1, in non-decreasing order. A tubular
extension (or coextension) is tame if and only if its type is domestic, that is, one of
(p; q), (2; 2; r), (2; 3; 3), (2; 3; 4) or (2; 3; 5) (in which case, it is tilted of euclidean type
A˜, D˜, E˜6, E˜7 or E˜8, respectively) or tubular, that is, one of (2; 2; 2; 2), (2; 3; 6), (2; 4; 4)
or (3; 3; 3) (in which case the algebra is called tubular, see [36]). Let A be a tubular
extension of a tame concealed algebra C. If nA is domestic, then C is the unique tame
concealed full convex subcategory of A but, if nA is tubular, then A contains (exactly)
one other tame concealed full convex subcategory C′ and is a tubular coextension of
C′. Also, a tubular algebra is derived tubular.
A semiregular enlargement A is tame if and only if both A+ and A− are tame or,
equivalently, are tilted of euclidean type or tubular. The following theorem, due to
Skowro,nski [38], will play an essential roˆle in the sequel.
Theorem. Let A be a tame algebra. Then A is quasi-tilted if and only if it is a tilted
algebra; or a semiregular enlargement of a tame concealed algebra.
2. Hochschild cohomology and semiregular enlargements
2.1. Given an algebra A; the Hochschild complex C•=(Ci; di)i∈Z is de6ned as follows:
Ci =0; di =0 for i¡0; C0 = AAA; Ci =Homk(A⊗i ; A) for i¿0; where A⊗i denotes the
i-fold tensor product A⊗k · · · ⊗k A; d0 :A → Homk(A; A) with (d0x)(a) = ax− xa (for
a; x∈A) and di :Ci → Ci+1 with
(dif)(a1 ⊗ · · · ⊗ ai+1) = a1f(a2 ⊗ · · · ⊗ ai+1)
+
i∑
j=1
(−1) jf(a1 ⊗ · · · ⊗ ajaj+1 ⊗ · · · ⊗ ai+1)
+ (−1)i+1f(a1 ⊗ · · · ⊗ ai)ai+1
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for f∈Ci and a1; : : : ; ai+1 ∈A. Then Hi(A)=Hi(C•) is the ith Hochschild cohomology
group of A with coe8cients in the bimodule AAA; see [20].
Recall that an algebra A is the one-point extension of an algebra B by a module MB
if
A= B[M ] =
[
B 0
M k
]
with the usual matrix addition and the multiplication induced from the B-module struc-
ture of M . The one-point coextension [M ]B is de6ned dually.
Theorem (Happel [26]). (a) Let Q be a Anite and connected quiver without oriented
cycles, then H0(kQ) = k, H1(kQ) = 0 if and only if Q is a tree, and Hi(kQ) = 0 for
all i¿ 2.
(b) Let A be an algebra, TA be a tilting module and B=End TA, then Hi(A) ∼= Hi(B)
for all i¿ 0.
(c) Let A=B[M ] be a one-point extension algebra. There exists an exact sequence
0→H0(A)→ H0(B)→ EndM=k → H1(A)→ H1(B)→ Ext1B(M;M)
→H2(A)→ · · · → Exti−1B (M;M)→ Hi(A)→ Hi(B)→ ExtiB(M;M)→ · · · :
If, in particular, A is iterated tilted of type Q, then, by (a) and (b), H1(A) = 0 if
and only if Q is a tree.
2.2. Let A be a triangular algebra (not necessarily connected). An A-module M is
separated if; for each connected component C of A; the restriction M |C of M to C
is zero or indecomposable. A point x∈A0 is separating if the restriction of rad P(x)A
to the full subcategory Ax of A generated by the non-predecessors of x in QA; is
separated as an Ax-module. The algebra A satis6es the separation condition if each
x∈A0 is separating [16]. We de6ne dually coseparating points; and the coseparation
condition.
Let A be an algebra. A module MA is a brick if EndM = k.
The following has been used implicitly in [26,12,37].
Lemma. Let A=B[M ] be a one-point extension algebra. Then the morphism f : H1(A)
→ H1(B) in the exact sequence of 2:1(c) is injective if and only if the extension point
is separating; and M is a direct sum of bricks.
Proof. Let B = B1× · · ·×Bt; where each Bi is connected; and M = M1 ⊕ · · · ⊕ Mt
where each Mi is a Bi-module. Since M is the radical of the unique indecomposable
projective A-module which is not a B-module; then Mi =0 for all i. The morphism f
is injective if and only if the sequence
0→ H0(A)→ H0(B)→ EndM=k → 0
is (right) exact or; equivalently; if and only if dimk H0(B)=dimk H0(A)+dimk EndM−
1. We have dimk H0(A) = 1; because H0(A) is the centre of the connected algebra A.
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Similarly; dimk H0(B) = t. Thus; the morphism f : H1(A)→ H1(B) is injective if and
only if dimk EndM=t. Now; dimk EndM=dimk End (
⊕t
i=1 Mi)¿ t; and equality holds
if and only if; for each i; we have EndMi=k and; for i = j; we have HomB(Mi;Mj)=0.
This establishes the statement.
2.3. Corollary. Let A be a semiregular enlargement of a tame concealed algebra C;
and B be a full convex subcategory of A containing C. If H1(B)= 0; then H1(A)= 0.
Proof. There exists a sequence of full convex subcategories A=A0 ⊃ A1 ⊃ · · · ⊃ At=B
where; for each i; Ai is obtained from Ai+1 by a one-point extension with separating
extension point; and the extension module is a direct sum of bricks; or else Ai is
obtained from Ai+1 by a one-point coextension with coseparating coextension point;
and the coextension module is a direct sum of bricks. Now; for each i; 2:2 or its dual
yields a monomorphism H1(Ai) → H1(Ai+1). Thus H1(Ai+1) = 0 implies H1(Ai) = 0.
The statement follows from an obvious induction.
2.4. The following lemma should be compared with [25; 2:2 and 2:4].
Lemma. Let A be derived equivalent to a canonical algebra C(t; ; n). The following
conditions are equivalent:
(a) H1(A) = 0;
(b) t¿2;
(c) A is not iterated tilted of type A˜.
Proof. We have already seen in 1.2 that (b) and (c) are equivalent. We now show
the equivalence of (a) and (c). If A is iterated tilted of type Q; where the underlying
graph of Q is A˜; then; by 2.1(a) and (b); we have H1(A) ∼= H1(kQ) =0.
Conversely, assume 6rst that A is a canonical algebra which is not hereditary of
type A˜, then A = B[M ], where B is a hereditary algebra whose quiver is a tree, and
M is a brick. Moreover, the extension point is separating. Hence, by 2.2, there is a
monomorphism H1(A)→ H1(B). Since the quiver of B is a tree, we have H1(B) = 0,
and hence H1(A) = 0.
Let now A be a derived canonical algebra which is not iterated tilted of type A˜.
Then there exists a canonical algebra C, which is not hereditary of type A˜, and an
equivalence of triangulated categories Db (mod A) ∼= Db (modC). Then A and C are
tilting–cotilting equivalent (see, for instance, [32]) hence H1(A) ∼= H1(C) = 0.
Remark. The above proof can be shortened using the known fact that derived equiv-
alence preserves the Hochschild groups.
2.5. Corollary. Let A be a derived canonical algebra which is not iterated tilted of
type A˜. Then
(a) Every source in A is separating.
(b) There exists a connected algebra B and a brick MB such that A = B[M ] or
A= [M ]B.
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Proof. By 2.4; we have H1(A)= 0. Hence (a) follows from the fact that; by [37; 3.2];
if A is a triangular algebra with H1(A) = 0; then every source in A is separating. In
order to prove (b); we observe that there exists a connected algebra B and a module
MB such that A= B[M ] or A= [M ]B. It remains to show that M is a brick. But now;
H1(A) = 0 yields a short exact sequence
0→ H0(A)→ H0(B)→ EndM=k → 0:
Hence EndM = k.
Remark. By [15]; Theorem 1; the algebra B of (b) above is iterated tilted or derived
canonical.
2.6. Lemma. Let A be a one-point extension of a hereditary algebra B of type A˜pq;
with p; q¿1; by a simple homogeneous module. Then H1(A) = 0.
Proof. Let x denote the extension point; and y1; y2; : : : ; yt be the sinks of B (hence of
A). The algebra A is given by the quiver
bound by all possible commutativity relations. Let B′ be the full convex subcategory
of A generated by all points except y1; y2; : : : ; yt and; for each i such that 16 i6 t;
let Mi = I(yi)=S(yi). Then A= [Mt] · · · [M1]B′. Since; for each i; Mi is a brick; and yi
is coseparating; the dual of 2:2 and induction yield a monomorphism H1(A)→ H1(B′).
Since B′ is a hereditary algebra whose quiver is a tree; H1(B′) = 0. Hence H1(A) = 0.
3. Simple connectedness of tame quasi-tilted algebras
3.1. Let (Q; I) be a connected bound quiver. A relation  =
∑m
i=1 iwi ∈ I(x; y) is
minimal if m¿ 2 and; for any non-empty proper subset J ⊂ {1; 2; : : : ; m}; we have∑
j∈J jwj ∈ I(x; y). We denote by  −1 the formal inverse of an arrow  ∈Q1. A walk
in Q from x to y is a formal composition  .11  
.2
2 · · ·  .tt (where  i ∈Q1 and .i ∈{1;−1}
for all i) with source x and target y. We denote by ex the trivial path at x. Let ∼ be
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the least equivalence relation on the set of all walks in Q such that:
(a) If  : x → y is an arrow; then  −1 ∼ey and   −1∼ex.
(b) If =
∑m
i=1 iwi is a minimal relation; then wi∼wj for all i; j.
(c) If u∼v; then wuw′∼wvw′ whenever these compositions make sense.
Let x∈Q0 be arbitrary. The set 1(Q; I; x) of equivalence classes u˜ of closed walks
u starting and ending at x has a group structure de6ned by the operation u˜ · v˜ = u˜v.
Since Q is connected, 1(Q; I; x) does not depend on the choice of x. We denote it by
1(Q; I) and call it the fundamental group of (Q; I), see [24,33].
Let (QA; I) be a presentation of a triangular algebra A. The fundamental group
1(QA; I) depends essentially on I—thus is not an invariant of A (see, however,
[14]). A triangular algebra A is simply connected if, for any presentation (QA; I) of
A, the fundamental group 1(QA; I) is trivial [9].
The following result, of which the 6rst part is [5] and the second part is [9], yields
large classes of examples of simply connected algebras.
Theorem. Let A be an algebra.
(a) If A is tame tilted of type Q; then A is simply connected if and only if Q is a
tree or; equivalently; if and only if H1(A) = 0.
(b) If A is iterated tilted of euclidean type or derived tubular; then A is simply
connected if and only if it is not iterated tilted of type A˜ or; equivalently; if and
only if H1(A) = 0.
3.2. The following lemma follows from the proof of [37; 2.3].
Lemma. Let A=B[M ] be a one-point extension algebra. If B is a product of simply
connected algebras; and the extension point is separating; then A is simply connected.
3.3. One of the consequences of 3.2 is that; if A satis6es the separation condition; then
A is simply connected [37; 2.3]. Another one is the following.
Corollary. Let A be a semiregular enlargement of a tame concealed algebra C; and
B be a full convex subcategory of A containing C. If B is simply connected; then so
is A.
Proof. There exists a sequence of full convex subcategories A=A0 ⊃ A1 ⊃ · · · ⊃ At=B
where; for each i; Ai is obtained from Ai+1 by a one-point extension with separating
extension point lying in the branches or by a one-point coextension with coseparat-
ing point lying in the branches. Assume inductively that Ai+1 is simply connected.
Applying 3.2 or its dual yields that Ai is simply connected. The result follows by
induction.
3.4. We wish to apply 3.3 to a particular case. Let A be a semiregular enlargement of a
tame concealed algebra C; and A0 be the full convex subcategory of A generated by all
points of C; as well as all the extension and all the coextension points of C inside A.
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We recall that a walk in a quiver is reduced if it contains no subwalk of one of the
forms   −1 or  −1 ; with  an arrow.
Corollary. Let A be a semiregular enlargement of a tame concealed algebra.
(a) The non-contractible reduced cycles in A and A0 coincide.
(b) A is simply connected if and only if so is A0.
Proof. (a) Let w be a non-contractible reduced cycle in A not lying entirely inside
the tame concealed subcategory C. Then w contains a point x lying in a branch. But
x must be connected to other points in w and w; being a cycle; cannot lie entirely in
the branch containing x. Since the only walks between branches pass through C; then
x must be the root of a branch. Thus; the only points of w not lying in C are in A0;
that is; w lies in A0. On the other hand; by de6nition of a semiregular enlargement; if
x is in a branch and is the starting (or ending) point of a relation ending (or starting)
in C; then x is an extension point (or a coextension point; respectively) of C. That is;
x lies in A0. Thus; w is contractible in A if and only if it is contractible in A0.
(b) Assume that A0 is simply connected. Then, by 3:3, so is A. Conversely, if A0
is not simply connected, then it contains a non-contractible cycle w. By (a), w is not
contractible in A either. Thus, A is not simply connected.
3.5. Proof of Theorem (A). If A is a tame tilted algebra of type Q; then; by 3.1(a);
A is simply connected if and only if Q is a tree or; equivalently; if and only if
H1(A) = 0. Thus; the three conditions are equivalent in this case. Also; notice that
a representation-6nite quasi-tilted algebra is tilted (see 1:2). In view of 1:3; we may
assume from the start that A is a tame semiregular enlargement of a tame concealed
algebra C; and that A is not tilted.
If A is iterated tilted of type A˜ then, by 3.1(b), A is not simply connected, and
also, by 2.1, H1(A) =0. Thus, either (a) or (b) implies (c). We have to show that (c)
implies (a) and (b).
Suppose 6rst that C is tame concealed of type diPerent from A˜. Then C is simply
connected and H1(C) = 0. Applying 2.3 and 3.3, we infer that (a) and (b) hold. Also,
in this case, it follows from [8] that A is not iterated tilted of type A˜. Hence, the three
conditions hold and they are equivalent.
Suppose now that C is tame concealed of type A˜ (thus hereditary of type A˜).
Assume 6rst that A+ is not a tilted algebra of type A˜. It follows from [10, 2.5] that A
is not iterated tilted of type A˜. Furthermore, since A+ is tilted of type = A˜, or tubular,
we have H1(A+) = 0 and A+ is simply connected. Hence, by 2.3 and 3.3, A is simply
connected and H1(A) = 0. Thus the three conditions hold, and they are equivalent.
This is in particular the case if A = A+, because the assumption that A is not tilted
implies that A+ is tubular. Similarly, if A− is not tilted of type A˜ (in particular, if
A=A−), then the three conditions hold and they are equivalent. We may thus assume
that A =A+; A− and that each of A+ and A− is tilted of type A˜. We now consider
three cases:
Case 1: Assume C is of type A˜pq, with p; q¿1. Thus  (modC) has two non-
homogeneous tubes T0 and T∞, of respective ranks p; q.
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In order to show that (c) implies (a), assume that A is not simply connected. Let
M be a simple regular C-module such that C[M ] is a full convex subcategory of A+.
Assume M ∈ T0 ∨T∞. Then C[M ] has three non-homogeneous tubes and hence is
simply connected (because it is a full convex subcategory of the tilted algebra A+, hence
it is tilted of euclidean type, see 1.2). Therefore, by 3.3, A itself is simply connected,
a contradiction. This shows that M ∈T0 ∨T∞. Similarly, if N is a simple regular
C-module such that [N ]C is a full convex subcategory of A−, then N ∈T0 ∨T∞. In
particular, A has only two non-homogeneous tubes. Therefore, A is iterated tilted of
type A˜.
In order to show that (c) implies (b), assume that A is not iterated tilted of type A˜.
By [10, 2.5], there exists a simple homogeneous C-module M (that is, M ∈T0∨T∞)
such that C[M ], or [M ]C, is a full convex subcategory of A. By 2.6 or its dual, we
have H1(C[M ])= 0, or H1([M ]C)= 0, respectively. Applying 2:3 yields H1(A)= 0, as
required.
Case 2: Assume C is of type A˜1p, with p¿1. Then  (modC) has exactly one
non-homogeneous tube T0.
In order to show that (c) implies (a), assume that A is not simply connected. Since
A+ and A− are tilted of type A˜, each is of tubular type (s; t), with 16 s6 t. Assume
6rst that the tube T0 is used for extensions, that is, there exists M0 ∈T0 such that
C[M0] is a full convex subcategory of A. Assume next that T1 =T0 is also used
for extensions and T∞ =T1;T0 for coextensions, that is, there exist M1 ∈T1 and
M∞ ∈T∞ such that C[M1] and [M∞]C are full convex subcategories of A. Then the
full convex subcategory [M∞]C[M0][M1] of A is iterated tilted of type (2; 2; p + 1),
hence is simply connected. Applying 3.3 yields that A is simply connected, a con-
tradiction. Therefore we can only use one other tube, say T∞, and, since A =A+,
this is necessarily for coextensions. Since A has only two non-homogeneous tubes,
it is iterated tilted of type A˜. The proof is dual if T0 is used for coextensions.
We may therefore suppose that T0 is used neither for extensions nor for coexten-
sions. Since A =A+; A−, there exist two simple regular C-modules M1 ∈T1, with
T1 =T0, and M∞ ∈T∞, with T∞ =T0;T1, such that [M∞]C[M1] is a full con-
vex subcategory of A. Since [M∞]C[M1] is iterated tilted of type (2; 2; p), it is simply
connected. Hence, by 3.3, so is A, a contradiction. This completes the proof of this
implication.
In order to show that (c) implies (b), we notice that, in this case, it is easily seen
that the bound quiver of A is, up to duality, of one of the forms:
(i)
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where the shaded triangles represent branches, bound by "3= 0 and  4142 · · · 4p =  3
and possibly other relations in the branches, or
(ii)
where the shaded triangles represent branches, bound by 3"= 0 and  4142 · · · 4p =  3,
and possibly other relations in the branches.
In each case, let B be the full convex subcategory of A generated by the points
a; b; c0; c1; : : : ; cp. Then B is iterated tilted of type (2; 2; p), that is, of type D˜. Therefore,
H1(B) = 0 (see 2:1). Applying 2:3 yields H1(A) = 0, as required.
Case 3: Assume C is of type A˜11. Then all tubes in  (modC) are homogeneous.
In order to show that (c) implies (a), assume that A is not simply connected. Since
A =A+; A− and each of A+ and A− is tilted of type A˜, at most two tubes can be used
for extensions, and at most two for coextensions. If at least three tubes are used, then
A contains, up to duality, a full convex subcategory B given by the quiver
bound by  "=  3, "4= 0 and 3.= 0. Since B is simply connected, so is A, by 3:3, a
contradiction. This shows that at most two tubes are used, so that the bound quiver of
A is of the form
where the shaded triangles represent branches, bound by  " = 0, 34 = 0 and possibly
other relations in the branches. Therefore A is iterated tilted of type A˜.
In order to show that (c) implies (b), assume that A is not iterated tilted of type A˜.
Then A contains, up to duality, a full convex subcategory B given by the quiver
bound by  " =  3, "4 = 0 and 3. = 0. Then B is iterated tilted of type D˜4. Hence
H1(B) = 0. Applying 2:3 yields H1(A) = 0, as required.
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Remark and Example. In general; a simply connected tame quasi-tilted algebra does
not satisfy the separation condition. Indeed; while the simple connectedness of an
algebra implies that each source is separating [7; 2.6]; this is not true for the points
which are not sources; as is shown by the following example. Let A be given by the
quiver
bound by the relations  = c1 ·  7; "= c2 · "7; 3= c3 · 37; 4= c4 · 47;  ′= c5 · 7 ′;
"′ = c6 · 7"′; 3′ = c7 · 73′; 4′ = c8 · 74′; where the ci are pairwise distinct scalars.
Clearly; the point x is not separating. On the other hand; each of A+ and A− is tubular
of type (2; 2; 2; 2) so that A is a simply connected tame quasi-tilted algebra of type
(2; 2; 2; 2; 2; 2; 2; 2). In particular; it is derived equivalent to a (wild) canonical algebra
of that type (see [38; Corollary D]).
3.6. Corollary. Let A be a tame quasi-tilted algebra which is not tilted. If A is
strongly A˜-free; then A is simply connected.
Proof. If A is strongly A˜-free; then the tame concealed full convex subcategory C of
A (in the above notation) is not hereditary of type A˜. It then follows from the proof
above that A is simply connected.
3.7. For representation-6nite algebras; which are not necessarily (quasi-)tilted; we have
the following result (for the general case; see [19]). The proof below is due to E.N.
Marcos; private communication.
Proposition. Let A be a triangular representation-Anite algebra. Then A is simply
connected if and only if H1(A) = 0.
Proof. Assume A to be simply connected. Since A is representation-6nite; any
full convex subcategory of A is simply connected [18; 2.8]. By [37; 4.1]; this implies
H1(A) = 0. Conversely; assume that H1(A) = 0 and let (QA; I) be an arbitrary pre-
sentation of A. Since A is triangular; it is standard; hence it follows from [33; 3.9 and
4.3] that 1(QA; I) is a free group. Then the monomorphism of abelian
groups
0→ Hom(1(QA; I); k+)→ H1(A)
(where k+ denotes the additive group of the 6eld k) of [35; Section 3]; [23; 7; 3.2]
implies that 1(QA; I) = 1.
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4. Strong simple connectedness of tame quasi-tilted algebras
4.1. An algebra A is strongly simply connected [37] if it sati6es the following equiv-
alent conditions:
(a) Any full convex subcategory of A is simply connected.
(b) Any full convex subcategory of A satis6es the separation condition.
(c) Any full convex subcategory of A satis6es the coseparation condition.
(d) For any full convex subcategory C of A; we have H1(C) = 0.
We need the following de6nitions and results from [3]. Let A be an algebra, and
(QA; I) be a presentation of A. A contour (p; q) in QA from x to y consists of a pair of
non-trivial paths p; q from x to y. It is interlaced if p; q have a common point besides
x and y. It is irreducible if there exists no sequence of paths p = p0; p1; : : : ; pm = q
from x to y such that each of the contours (pi; pi+1) is interlaced. Let C be a simple
cycle which is not a contour, and let 8(C) denote the number of sources in C. Then C
is reducible if there exist x; y on C and a path p : x → · · · → y in QA such that, if w1
and w2 denote the subwalks of C from x to y (so that C = w1w−12 ), then w1p
−1 and
w2p−1 are cycles and 8(w1p−1)¡8(C), 8(w2p−1)¡8(C). A cycle C is irreducible if
it is either an irreducible contour, or it is not a contour, but it is not reducible in the
above sense. Finally, a contour (p; q) from x to y is naturally contractible in (QA; I)
if there exists a sequence of paths p= p0; p1; : : : ; pm = q in QA such that, for each i,
the paths pi and pi+1 have subpaths qi and qi+1, respectively, which are involved in
the same minimal relation in (QA; I).
Theorem (Assem and Liu [3; 1:6]). An algebra A is strongly simply connected if and
only if, for any presentation (QA; I) of A, any irreducible cycle in QA is an irreducible
contour, and any irreducible contour in QA is naturally contractible in (QA; I).
4.2. Theorem (Assem et al. [4;5]). Let A be a tame tilted algebra. The following
conditions are equivalent:
(a) A is strongly simply connected.
(b) The orbit graph of each of the directed components of  (mod A) is a tree.
(c) A is simply connected and strongly A˜-free.
(d) A satisAes the separation condition and is strongly A˜-free.
4.3. Theorem (Assem [1]). Let A be a tubular algebra, and C(0), C(∞) denote its two
tame concealed full convex subcategories. The following conditions are equivalent:
(a) A is strongly simply connected.
(b) The orbit graph of each of the directed components of  (mod A) is a tree.
(c) A is strongly A˜-free.
(d) C(0) and C(∞) are not hereditary of type A˜.
(e) A and Aop satisfy the separation condition.
4.4. Proof of Theorem (B). Clearly; (a) implies each of (b) (c) and (f); and (c) implies
(d). By 4:2 and 4:3; (b) implies (e). By 4:3 and [2; 2.3]; (b) is equivalent to (d). Since
(e) implies (b) by 4:2; 4:3; we just have to show that (f) implies (b); and that (b)
implies (a).
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We 6rst show that (f) implies (b). If A+ (or A−) is tubular, then it follows from 4:3
that the separation condition for A+ and (A+)op (or A− and (A−)op) implies that A+ (or
A−, respectively) is strongly simply connected. Let B be a representation-in6nite tilted
algebra of euclidean type having a complete slice in its preinjective component. By [1,
1.5], if B satis6es the separation condition, then its unique tame concealed full convex
subcategory is not hereditary of type A˜. Hence B is strongly A˜-free and consequently
strongly simply connected by 4:2. Now, if B is representation-in6nite tilted of euclidean
type, either B or Bop has a complete slice in its preinjective component. Hence the
separation condition for both B and Bop implies the strong simple connectedness of B.
This completes the proof of this implication.
We now show that (b) implies (a). If A is not strongly simply connected, then, by
4:1, its bound quiver contains an irreducible cycle w which is not a contour, or an
irreducible contour which is not naturally contractible. It follows from (b) that w does
not lie entirely inside A+, or inside A−. We consider two cases. As usual, we denote
by C the tame concealed full convex subcategory common to A+ and A−.
Case 1: Assume 6rst that w is an irreducible contour (p; q) from x to y which
is not naturally contractible. Since w lies neither inside A+ nor inside A−, we have
x∈ (A+)0\(A−)0 and y∈ (A−)0\(A+)0. Applying 3:4(a), we get that x is the root of an
extension branch, thus is an extension point of C. Also, y is the root of a coextension
branch, and is a coextension point of C.
Now, x, being the root of a branch, is separating. Hence, by [7, 2.2], if  1 : x → a1
and  2 : x → a2 are the arrows of source x on p and q, respectively, there exists a
minimal relation 1 1v1 + 2 2v2 +
∑
j¿3 juj from x to c∈C0, say, when all the i
are non-zero scalars. Since c∈ (A+)0 while y ∈ (A+)0, we have c =y. Also, since A+
is closed under predecessors, there is no path from y to c. Moreover, there is no path
from c to y, because w is irreducible. Let b1 (or b2) be the last common point between
v1 and p (or v2 and q, respectively) and c′ be the 6rst common point between v1 and
v2. Call v′1 (or v
′
2) the subpath of v1 (or v2) from b1 (or b2, respectively) to c
′, and
p′ (or q′) the subpath of p (or q from b1 (or b2, respectively) to y.
Consider now the walk w′=v′−12 q
′p′−1v′1. This walk is a cycle: there is no intersection
between p′ and q′, neither is there one between v′1 and v
′
2, and the existence of an
intersection between v′2v
′−1
1 and p
′q′−1 would contradict the irreducibility of w. Further,
w′ is irreducible because w is. Finally, w′ is not a contour, because it has two sinks
y and c′ and, since c′ ∈C0, we have c′ =y. Since w′ lies entirely inside A−, this
contradicts (b).
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Case 2: Assume now that w is an irreducible cycle which is not a contour. We denote
by x1; : : : ; xt the sources of w, by y1; : : : ; yt its sinks and, for each i with 16 i6 t, by
wi the path from xi to yi, and by w′i the path from xi to yi+1 (where yt+1 = y1). As
before, one of the xi (say x1) lies in A+ but not in A−, and one of the yi (say y‘)
lies in A− but not in A+. We may assume furthermore, without loss of generality, that
w has the least possible number of sources lying in A+ but not in A−.
As before, x1 is the root of a branch and, if  1 : x1 → a1 and  2 : x1 → a2 are
the arrows of source x1 on w1 and w′1, respectively, there exists a minimal relation
1 1v1 + 2 2 +
∑
j¿3 juj from x1 to c∈C0, say, where the i are non-zero scalars.
Let b1 (or b2) be the last common point of v1 (or v2) and w1 (or w′1, respectively),
and c′ be the 6rst common point of v1 and v2. Also, denote by v′1 (or v
′
2) the subpath
of v1 (or v2) from b1 (or b2, respectively) to c′ and by w′′1 (or w
′′
2 ) the subpath of w1
(or w′1) from b1 (or b2) to y1 (or y2, respectively).
Again, c∈ (A+)0 and y‘ ∈ (A+)0 imply that y‘ = c, and there is no path from y‘ to
c. Moreover, by irreducibility, there is no path from c to y‘.
We claim that either t¿ 3 or, if t = 2, then b1 =y1 or b2 =y2. Indeed, if t = 2,
b1=y1 and b2=y2 then, since c is a successor to both b1 and b2, we get a contradiction
to the fact that y1 or y2 lies in A−, but not in A+, while c∈ (A+)0, and A+ is closed
under predecessors. This establishes our claim.
We now consider the walk w′ = w′′1w
′−1
t wt · · ·w2w′′−12 v′2v′−11 . This walk is a cycle:
indeed, w′′1w
′−1
t wt · · ·w2w′′−12 has no self-intersection because it is a subwalk of w,
the walk v′2v
′−1
1 has no self-intersection by de6nition, and these two do not intersect
because w is irreducible. Further, w′ is irreducible because w is. Finally, it is not a
contour, because it has at least two sinks, namely c′ (which lies in C, hence in A+)
and y‘ (which does not lie in A+). Since the points of v′2v
′−1
1 belong to A
−, either
w′ lies entirely in A−, a contradiction to (b), or else w′ has one source less than w
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lying in A+ but not in A−, a contradiction to our minimality assumption on w. This
completes the proof of this implication, and hence of the theorem.
Remark and Example. (a) One cannot improve condition (e) of the theorem. The
following example (borrowed from [1]) shows a tame quasi-tilted (derived tubular)
algebra A such that the orbit graph of each directed component of  (mod A) is a tree;
but A is not strongly simply connected. Let A be given by the quiver
bound by  =73; "=74;  = c ·":; 3= c ·4: (for some c∈ k \{0; 1}) and  =0.
(b) One cannot improve condition (f) of the theorem. The following is an example
of a tame quasi-tilted algebra such that each of A+, (A+)op and (A−)op satis6es the
separation condition, but A− does not. Let A be given by the quiver
bound by  = 0, " = 0, 7 = c · 7",  = c′ · " (where c = c′, c; c′ ∈ k \ {0; 1})
;=  7, ;" = 0, == > and =" = 0. Clearly, A is not strongly simply connected
(but is simply connected).
4.5. Corollary. Let A be a tame quasi-tilted algebra. Then A is strongly simply con-
nected if and only if A is simply connected and strongly A˜-free.
Proof. If A is tame tilted; this follows from 4:2. Otherwise; this follows from 4:4.
5. Semiregular iterated tubular algebras
5.1. We start by de6ning these algebras. Let A0 be a tame tubular coextension of
a tame concealed algebra C0; thus A0 =
t0
i0=1[K
0
i0 ; E
0
i0 ]C0 is either tubular or tilted of
euclidean type having a complete slice in its postprojective component. We say that
A0 is a semiregular 0-iterated tubular algebra. Let {E11 ; : : : ; E1t1} be a family of simple
regular C0-modules compatible with {E01 ; : : : ; E0t0} that is; for any pair (i; j); E0i and
E1j do not lie in the same tube of  (modC0); and let {K11 ; : : : ; K1t1} be a family of
branches; and assume that B1 =C0[E1i1 ; K
1
i1 ]
t1
i1=1 is a tame tubular extension of C0. Then
we say that the algebra
A1 =
t0
i0=1[K
0
i0 ; E
0
i0 ]C0[E
1
i1 ; K
1
i1 ]
t1
i1=1
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is a semiregular 1-iterated tubular algebra. Assume that B1 is a tubular algebra. Then
there exist a tame concealed algebra C1; a set of simple regular C1-modules {F11 ; : : : ; F1s1}
and a set of branches {L11; : : : ; L1s1} such that B1 = s1j1=1[L1j1 ; F1j1 ]C1. Let {E21 ; : : : ; E2t2} be
a set of simple regular C1-modules compatible with {F11 ; : : : ; F1s1}; and {K21 ; : : : ; K2t2} be
a set of branches such that B2=C1[E2i2 ; K
2
i2 ]
t2
i2=1 is a tame tubular extension of C1. Then
we say that the algebra
A2 = A1[E2i2 ; K
2
i2 ]
t2
i2=1 =
t0
i0=1[K
0
i0 ; E
0
i0 ]
s1
j1=1[L
1
j1 ; F
1
j1 ]C1[E
2
i2 ; K
2
i2 ]
t2
i2=1
is a semiregular 2-iterated tubular algebra.
Inductively, assume that
An =
t0
i0=1[K
0
i0 ; E
0
i0 ] · · ·
sn−1
jn−1=1[L
n−1
jn−1 ; F
n−1
jn−1 ]Cn−1[E
n
in ; K
n
in ]
tn
in=1
is a semiregular n-iterated tubular algebra, and that Bn = Cn−1[Enin ; K
n
in ]
tn
in=1 is tubu-
lar. There exist a tame concealed algebra Cn, a set of simple regular Cn-modules
{Fn1 ; : : : ; Fnsn} and a set of branches {Ln1; : : : ; Lnsn} such that Bn = snjn=1[Lnjn ; Fnjn ]Cn. Let
{En+11 ; : : : ; En+1tn+1 } be a set of simple regular Cn-modules compatible with {Fn1 ; : : : ; Fnsn}
and {Kn+11 ; : : : ; Kn+1tn+1 } be a set of branches such that Bn+1 = Cn[En+1in+1 ; Kn+1in+1 ]tn+1in+1=1 is a
tame tubular extension of Cn. Then we say that the algebra
An+1 =
t0
i0=1[K
0
i0 ; E
0
i0 ] · · · snjn=1[Lnjn ; Fnjn ]Cn[En+1in+1 ; Kn+1in+1 ]
tn+1
in+1=1
is a semiregular n+ 1-iterated tubular algebra.
Remark. (a) Let A be a semiregular n-iterated tubular algebra; then A is n-iterated
tubular in the sense of [34]. In particular; it follows from [34; 2.4] that A is tame.
(b) The construction of the semiregular iterated tubular algebras generalises the one
of 1:3. In fact, a semiregular n-iterated tubular algebra is quasi-tilted if and only if
n6 1. If n = 0, then such an algebra is tilted of euclidean type or tubular. If n = 1,
then it is a semiregular branch enlargement of a tame concealed algebra.
Example. We borrow this example from [34]. Let A be given by the quiver
bound by "′′ ′′"′ = c1 · "′′3′′4′; 4′′ ′′"′ = c2 · 4′′3′′4′;  ′′"′ ′ = c3 · 3′′4′ ′;  ′′"′3′ = c4 ·
3′′4′3′; "′ ′" = c5 · "′3′4; 4′ ′" = c6 · 4′3′4;  ′" = c7 · 3′4 ;  ′"3 = c8 · 3′43 (where
the ci are pairwise distinct scalars) and rad
4 A = 0. Letting A0 be the full convex
subcategory generated by the points 1; 2; 3; 4; 5; 6; we see that A0 is tubular. Then
A1; generated by the points 1; 2; 3; 4; 5; 6; 7; 8 is semiregular 1-iterated tubular (thus;
tame quasi-tilted). The full convex subcategory A2; generated by 1; 2; 3; 4; 5; 6; 7; 8; 9 is
semiregular 2-iterated tubular. Similarly; A= A3 is semiregular 3-iterated tubular.
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5.2. Proposition. Let A be a semiregular n-iterated tubular algebra. The following
conditions are equivalent:
(a) A is simply connected.
(b) H1(A) = 0.
(c) n¿ 2 or; if n6 1; then A is not iterated tilted of type A˜.
Proof. Assume n6 1; then A is a tame quasi-tilted algebra; and the equivalence of
(a)–(c) follows from 3.5. If n¿ 2; then A contains a tubular algebra B1 as full con-
vex subcategory; and is obtained from it by an iteration of one-point extensions (or
coextensions) by separating (or coseparating) points; the extension (or coextension; re-
spectively) modules being direct sums of bricks. Applying 2.3 and 3.3; the algebra A
is simply connected and satis6es H1(A) = 0.
5.3. Let A be a semiregular n-iterated tubular algebra; then we may assume that A0 is
a domestic tubular extension of C0 (otherwise; A is also a semiregular (n+1)-iterated
tubular algebra); and; similarly; Bn is a domestic tubular extension of Cn−1. When these
assumptions are made; we say that A is a semiregular strict n-iterated tubular algebra.
Proposition. Let A be a semiregular strict n-iterated tubular algebra. The following
conditions are equivalent:
(a) A is strongly simply connected.
(b) A is strongly A˜-free.
(c) Each Bi is strongly A˜-free.
(d) No Ci is hereditary of type A˜.
(e) For each i; the orbit graph of each of the postprojective and the preinjective
components of  (mod Bi) is a tree.
(f ) For each i; Bi and (Bi)op satisfy the separation condition.
Proof. Clearly; (a) implies (b) which implies (c). If i¡n; then Bi is a tubular algebra;
and the equivalence of (c)(d)(e)(f) follows from 4.3. On the other hand; Bn is tilted
of euclidean type having a complete slice in its preinjective component; thus (c)(d)(e)
are equivalent by [2; 2.3]. Finally; (c) clearly implies (f) and [1; 1.6] yields that (f)
implies (d). There only remains to show that (c) implies (a). We do it by induction
on n. If n6 1; the statement holds by 4.4. Assume that n¿ 2 and that the statement
holds for any j6 n−1. If A is not strongly simply connected; then; by 4.1; it contains
an irreducible cycle w which is not a contour; or an irreducible contour w which is
not naturally contractible. By induction; w must contain a point lying in A0 but not in
C0; and a point lying in Bn but not in Cn−1. Exactly as in the proof of 4.4; we replace
w by an irreducible cycle w′ which is not a contour; but lies in An−1; a contradiction
to the induction hypothesis. We leave the easy details to the reader.
Acknowledgements
The 6rst author gratefully acknowledges partial support from the NSERC of Canada.
The second author gratefully acknowledges partial support from FAPESP and CNPq,
I. Assem et al. / Journal of Pure and Applied Algebra 172 (2002) 139–160 159
and the hospitality of the University of Sherbrooke. This work was done while the third
author was bene6ting of a postdoctoral position at the UNAM, Mexico. She would also
like to thank Shiping Liu for his kind invitation to Sherbrooke.
References
[1] I. Assem, Strongly simply connected derived tubular algebras, in: Proceedings of the Conference on
Representations of Algebras, Sa˜o Paulo, Lecture Notes in Pure and Applied Mathematics, Vol. 224,
M. Dekker, New York, 2002, pp. 21–29.
[2] I. Assem, S. Liu, Strongly simply connected tilted algebras, Ann. Sci. Math. Qu,ebec 21 (1) (1997)
13–22.
[3] I. Assem, S. Liu, Strongly simply connected algebras, J. Algebra 207 (1998) 449–477.
[4] I. Assem, S. Liu, J.A. de la Pen˜a, The strong simple connectedness of a tame tilted algebra, Comm.
Algebra 28 (3) (2000) 1553–1565.
[5] I. Assem, E.N. Marcos, J.A. de la Pen˜a, The simple connectedness of a tame tilted algebra, J. Algebra
237 (2001) 647–656.
[6] I. Assem, J. Nehring, W. Schewe, Fundamental domains and duplicated algebras, Can. Math. Soc. Conf.
Proc. 11 (1991) 25–51.
[7] I. Assem, J.A. de la Pen˜a, The fundamental groups of a triangular algebra, Comm. Algebra 24 (1)
(1996) 187–208.
[8] I. Assem, A. Skowro,nski, Iterated tilted algebras of type A˜n, Math. Z. 195 (1987) 269–290.
[9] I. Assem, A. Skowro,nski, On some classes of simply connected algebras, Proc. London Math. Soc. 56
(3) (1988) 417–450.
[10] I. Assem, A. Skowro,nski, Algebras with cycle-6nite derived categories, Math. Ann. 280 (1988)
441–463.
[11] I. Assem, A. Skowro,nski, Quadratic forms and iterated tilted algebras, J. Algebra 128 (1) (1990) 55–85.
[12] I. Assem, A. Skowro,nski, Tilting simply connected algebras, Comm. Algebra 22 (12) (1994) 4611–
4619.
[13] M. Auslander, I. Reiten, S.O. SmalH, Representation Theory of Artin Algebras, Cambridge Studies in
Advanced Mathematics, Vol. 36, Cambridge University Press, Cambridge, 1995.
[14] M.J. Bardzell, E.N. Marcos, H1(?) and presentations of 6nite dimensional algebras, In: Proceedings
of the Conference on Representations of Algebras, Saˆo Paulo, Lecture Notes in Pure and Applied
Mathematics, Vol. 224, M. Dekker, New York, 2002, pp. 31–38.
[15] M. Barot, H. Lenzing, Derived canonical algebras as one-point extensions, Contemp. Math. 229 (1998)
7–15.
[16] R. Bautista, F. Larri,on, L. Salmer,on, On simply connected algebras, J. London Math. Soc. 27 (2)
(1983) 212–230.
[17] K. Bongartz, P. Gabriel, Covering spaces in representation theory, Invent. Math. 65 (3) (1981=82)
331–378.
[18] O. Bretscher, P. Gabriel, The standard form of a representation-6nite algebra, Bull. Soc. Math. France
111 (1983) 21–40.
[19] R.-O. Buchweitz, S. Liu, Hochschild cohomology and representation-6nite algebras, in preparation.
[20] H. Cartan, S. Eilenberg, Homological Algebra, Princeton University Press, Princeton, NJ, 1956.
[21] F.U. Coelho, D. Happel, Quasi-tilted algebras admit a preprojective component, Proc. Amer. Math. Soc.
125 (5) (1997) 1283–1291.
[22] F.U. Coelho, A. Skowro,nski, On the Auslander–Reiten components of a quasi-tilted algebra, Fund.
Math. 149 (1996) 67–82.
[23] D.R. Farkas, E.L. Green, E.N. Marcos, Diagonalizable derivations of 6nite dimensional algebras II,
Paci6c J. Math 196 (2) (2000) 341–351.
[24] E.J. Green, Graphs with relations, coverings and group-graded algebras, Trans. Amer. Math. Soc. 297
(1983) 297–310.
[25] D. Happel, Hochschild cohomology of piecewise hereditary algebras, Colloq. Math. 78 (1998) 261–266.
160 I. Assem et al. / Journal of Pure and Applied Algebra 172 (2002) 139–160
[26] D. Happel, Hochschild cohomology of 6nite dimensional algebras, S,em. M.-P. Malliavin, Paris, Lecture
Notes in Mathematics, Vol. 1404, 1987–88, Springer, Berlin, 1989, pp. 108–126.
[27] D. Happel, Triangulated Categories in the Representation Theory of Finite Dimensional Algebras,
Cambridge University Press, Cambridge, 1988.
[28] D. Happel, Quasitilted algebras, Can. Math. Soc. Conf. Proc. 23 (1998) 55–81.
[29] D. Happel, I. Reiten, Hereditary categories with tilting object, preprint, 1998.
[30] D. Happel, I. Reiten, S.O. SmalH, Tilting in abelian categories and quasitilted algebras, Memoirs of the
American Mathematical Society, No. 575, Vol. 120, 1996.
[31] D. Happel, C.M. Ringel, Tilted algebras, Trans. Amer. Math. Soc. 274 (2) (1982) 399–443.
[32] H. Lenzing, A. Skowro,nski, Derived equivalence as iterated tilting, preprint, 1999.
[33] R. Mart,Unez-Villa, J.A. de la Pen˜a, The universal cover of a quiver with relations, J. Pure Appl. Algebra
30 (1983) 277–292.
[34] J.A. de la Pen˜a, B. Tom,e, Iterated tubular algebras, J. Pure Appl. Algebra 64 (1990) 303–314.
[35] J.A. de la Pen˜a, M. Saor,Un, The 6rst Hochschild cohomology group of an algebra, preprint, 1999.
[36] C.M. Ringel, Tame Algebras and Integral Quadratic Forms, Lecture Notes in Mathematics, Vol. 1099,
Springer, Berlin, 1984.
[37] A. Sakowro,nski, Simply connected algebras and Hochschild cohomologies, Can. Math. Soc. Conf. Proc.
14 (1993) 431–447.
[38] A. Skowro,nski, Tame quasi-tilted algebras, J. Algebra 203 (1998) 470–490.
